


Figure 7.1: The method presented in this chapter automatically discovers global regular-
ities from a noisy 2.5D point cloud, and uses them to create a convincing 2.5D building
model. Two orthogonal projections illustrate a subset of the global regularities in this
model (lengths in meters).

pairs (e.g., slope angle equality), between roof boundary segment pairs (e.g., segment

height equality), and between a planar roof patch and its boundary segments (e.g.,

orthogonality between their orientations). These global regularity patterns reveal the

inter-element similarities and relations that intrinsically exist in building models because

of human design and construction. With these patterns, the complexity of the building

modeling problem can be significantly reduced for complicated building models such as

the one in Figure 7.1.
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This chapter presents an automatic algorithm which detects global regularities and

utilizes them to calibrate plane primitives. Unlike the strong priors introduced by previ-

ous methods, global regularities offer a more flexible representation of the global knowl-

edge in 2.5D building models, and thus enable the modeling algorithm to handle more

complicated building shapes.

Another significant advantage of global regularities is that they characterize the

intrinsic structures of building models, to which human vision is sensitive. For instance,

Figure 7.2 right shows two models created from plane primitives. Without comparing

model geometry with input points, human vision immediately finds the top-right model

more convincing since it conforms to more global regularities.

In this chapter, Section 7.1 summarizes shape-from-symmetry approaches. Sec-

tion 7.2 explores various global regularity patterns in 2.5D building structures. Sec-

tion 7.3 presents an automatic algorithm to discover and enforce global regularities

through a series of alignment steps. Finally, Section 7.4 shows 2.5D modeling results

with high quality in terms of both geometry and human judgement.

7.1 Review of Shape-from-Symmetry Approaches

In both computer vision and computer graphics, symmetry has been identified as reliable

global knowledge in 3D reconstruction. For instance, Fisher [16] introduces domain

knowledge of standard shapes and relationships into reverse engineering problems.

Thrun and Wegbreit [57] detect symmetries and utilize them to extend partial 3D mod-

els into occluded space. Gal et al. [19] adopt 1D wires to carry both local geometry

information and global mutual relationships in man-made objects. Li et al. [36] extract

relationship graphs among primitives to encode intra-part relations and use them to fur-

ther improve the reconstruction quality.
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Manual 

creation
Our result

2.5D dual 

contouring

Primitive-

based method

Figure 7.2: Modeling results generated from the same input point cloud by manual
creation, the modeling method proposed in this chapter, 2.5D dual contouring with prin-
cipal direction snapping, and a primitive-based method [34]. The new modeling method
creates the most visually convincing result among all three automatic methods since its
resulting building model conforms to the most global regularities.

These methods are similar in spirit to the method presented in this chapter. While

previous research work focuses on 3D man-made objects, this research is the first to

explore global regularities in 2.5D building models composed of roof patches and verti-

cal walls.
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Figure 7.3: A typical gable-shaped building roof containing a set of 2.5D elements
(e.g.,plane primitive, boundary segments, and ridges)

7.2 Global Regularities

In 2.5D building models, global regularities characterize the inter-element similarities

and relations arising from human design and construction. They are particularly use-

ful in correcting plane primitives and creating more visually convincing building mod-

els. This section explores various global regularity patterns that commonly exist in

2.5D building models, and demonstrates them using a typical gable-shaped building

roof shown in Figure 7.3.

Considering a 2.5D building model composed of plane primitives including planar

roof patches and planar facade patches, it can be equivalently represented by a set of

planar roof patches together with their boundary segments; because given the 2.5D con-

straints that roof surfaces are always bounded by vertical facades, planar facade patches

and linear roof boundary segments have the same projection on the x-y plane. In partic-

ular, the planar roof patch set is denoted as P = {Pi : (v − pi) · ni = 0} in which each

plane Pi is determined by a normal-position pair (ni,pi). A boundary segment set for

each planar roof patch is collected by intersecting Pi with its surrounding planar facade

patches, denoted as Bi (e.g., in Figure 7.3, B1 = {b1, b2, b3}). The following sections
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explore global regularities among the 2.5D element set P ∪ (∪iBi) from three aspects:

roof-roof regularities, roof-boundary regularities, and boundary-boundary regularities.

7.2.1 Roof-Roof Regularities

This section focuses on two classes of commonly encountered regularities between roof

plane pair (Pi, Pj) as follows.

7.2.1.1 Orientation regularities

In 3D models, the orientation regularities are usually defined as the orthogonality or par-

allelism between plane normals (e.g., [36]). This definition, however, cannot be directly

applied to 2.5D building models for two reasons: first, roof plane normals rarely show

orthogonality or parallelism; second, roof inclination and direction are of more interest

in building modeling. In 2.5D models, orientation regularities are not determined by the

angle between plane normals, but by the projections of normals on either the x-y plane

or the z-axis. For instance, although n1 and n2 in Figure 7.3 do not exhibit orthogonality

or parallelism, they show strong orientation regularities since their projections on the x-

y plane are opposite. Therefore, I choose to write plane normals in spherical coordinates

(θ(n), φ(n)):

θ(n) = arccos(nz), (7.1)

φ(n) = arctan(ny, nx), (7.2)

where θ(n) ∈ [0, π/2) and φ(n) ∈ [0, 2π) (Figure 7.3 right).

Intuitively, θ(n) determines the inclination of the planar roof patch, and φ(n) indi-

cates the direction of the slope. As humans are particularly interested in roof patches

having the same inclination and roof patches exhibiting regularized slope directions
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(either orthogonal or parallel), four typical roof-roof orientation regularities are defined

accordingly:

• θ-equality when θ(ni) = θ(nj),

• φ-equality when φ(ni) = φ(nj),

• φ-opposite when φ(ni) = φ(nj)± π,

• φ-orthogonality when φ(ni) = φ(nj)± π
2
, 3π

2
.

For example, plane pair (P1, P2) in Figure 7.3 exhibits the same inclination and the

opposite slope direction. Using the above formulation, these characteristics are denoted

as θ-equality and φ-opposite respectively.

7.2.1.2 Placement regularities

Placement of roof planes (i.e., roof positions) by themselves do not contain much reg-

ularity information. However, the placement of intersections between roof plane pairs

may carry meaningful structural information about the building. In particular, ridges are

defined to reveal the regularities of roof plane placements.

Ridge definition: for a neighboring plane pair (Pi, Pj) satisfying both θ-equality and

φ-opposite, the intersection of Pi and Pj is defined as a ridge, denoted as ri,j .

The direction of ridge ri,j is uniquely determined as

d(ri,j) = (sin(φ(ni)),− cos(φ(ni)), 0)
T . (7.3)

Since d(ri,j) is parallel to the x-y plane, the placement of ri,j can be parameterized

by a pair of real numbers (h(ri,j), p(ri,j)), denoting the height of ri,j and the distance

from origin to ri,j’s projection on the x-y plane respectively. They can be calculated by
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solving an equation system with plane equations regarding (ni,pi) and (nj,pj). Two

types of placement regularities for ridge pair (ri,j, rk,l) are defined as:

• Ridge-height-equality when h(ri,j) = h(rk,l),

• Ridge-position-equality when d(ri,j) ∥ d(rk,l) and p(ri,j) = p(rk,l).

7.2.2 Roof-Boundary Regularities

I observe that the majority of boundary segments are aligned either orthogonally (e.g.,

b2 in Figure 7.3) or parallel (e.g., b1, b3) to the normals of their owner planes (e.g.,

P1), when projected on the x-y plane. Therefore, this section focuses on roof-boundary

regularities between plane Pi and its boundary segments Bi. The direction of Pi on the

x-y plane is denoted by a 2D vector oi = (cos(φ(ni)), sin(φ(ni)))
T , and the direction of

a boundary segment bj’s x-y projection is denoted as o(bj) = P(d(bj)), bj ∈ Bi, where

P is the projection operator and d(bj) is the bi’s direction in 3D space. There are:

• o-parallelism when oi ∥ o(bj),

• o-orthogonality when oi ⊥ o(bj),

7.2.3 Boundary-Boundary Regularities

As the orientation regularities among boundary segments can be implied from roof-

boundary regularities and roof-roof orientation regularities, this section focuses on

placement regularities between boundary segment pairs. In particular, two significant

regularity patterns are noted: first, boundary segments that are parallel to the x-y plane

may have similar heights (e.g., (b2, b5) in Figure 7.3); second, when projected onto

the x-y plane, boundary segments with the same direction may align to the same line

(e.g., (b1, b6) and (b3, b4)). Thus, boundary-boundary regularities are defined as follows,
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Figure 7.4: Pipeline of the modeling approach: a 2.5D point cloud (top left) is trans-
formed to a building model (bottom left) through a series of steps. Global regularities
are discovered and enforced in each alignment step.

where h(bi) is the height of boundary segment bi, and p(bi) is the distance from origin

to bi’s projection on the x-y plane:

• Segment-height-equality when h(bi) = h(bj), and both d(bi) and d(bj) are par-

allel to the x-y plane,

• Segment-position-equality when o(bi) ∥ o(bj) and p(bi) = p(bj).

7.3 Modeling with Global Regularities

Given a noisy 2.5D point cloud as input, this section presents an automatic method to

simultaneously detect locally fitted plane primitives and global regularities. In general,

a discover-then-align strategy is adopted: once initial plane primitives are identified,

the modeling algorithm discovers global regularities from them, and then immediately
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refines these initial primitives by aligning them to the global regularities. This optimiza-

tion strategy is applied individually to each type of global regularities defined in Sec-

tion 7.2. It effectively corrects the geometric errors raised by local fitting approaches,

and thus significantly improves the model quality.

An overview of this approach is shown in Figure 7.4. The building modeling system

contains three main modules to create a 2.5D building model (bottom left) from a noisy

aerial scan (top left):

1. Planar roof patch extraction: As shown in Figure 7.4 top, with plane primitives

detected via local fitting, two discover-and-align steps are sequentially executed

to detect the roof-roof regularities and refine the planar roof patch, namely, ori-

entation alignment and placement alignment. Both planar roof patches and the

roof-roof regularities are iteratively generated in a coarse-to-fine manner.

2. Boundary segment production: The modeling algorithm immediately enforces

the roof-boundary regularities by creating a rectangular bounding box for each

planar roof patch, and identifying boundary segments from bounding box edges,

shown as the black lines in Figure 7.4 bottom. These boundary segments are

further refined by discovering and enforcing boundary-boundary regularities.

3. Model generation: Vertical facades are automatically generated from boundary

segments to connect roof patches and the ground. Rectangular roof patches are

pruned by neighboring elements. A 2.5D building model is produced by combin-

ing both planar roof patches and vertical facades as shown in Figure 7.4 bottom

left.
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7.3.1 Planar Roof Patch Extraction

Given a set of points equipped with normals1, a popular plane detection algorithm is

adopted for aerial LiDAR scans [34, 60] to find plane primitives: a region-growing

procedure is applied to find spatially connected point clusters with similar normals;

then plane primitives are locally fitted to individual point clusters. The detected plane

primitive set is denoted as P = {Pi}. Orientation alignment and placement alignment

are applied to P = {Pi} sequentially.

7.3.1.1 Orientation alignment

By expressing plane normals in spherical coordinates, the orientation regularities can be

categorized into two classes: θ-equality finds planes with similar slope angles, while φ-

equality, φ-opposite and φ-orthogonality show regularized roof patch directions. These

orientation regularities can be discovered by detecting clusters of Θ = {θ(ni)} and

clusters of Φ = {φ(ni) mod (π/2)} respectively. Each angle cluster implies a set of

corresponding orientation regularities while the center of each cluster predicts the best

alignment. In particular, the complete-linkage clustering algorithm [12] is adopted to

identify clusters in Θ and Φ. Cluster center sets CΘ and CΦ are taken as constraints in the

subsequent alignment stage, in which θ(ni) and φ(ni) are snapped to the corresponding

cluster centers in CΘ and CΦ.2

1Normals can be effectively estimated via covariance analysis [47].

2In singular cases where θ(ni) ≈ 0, φ(ni) becomes unstable. Thus, θ(ni) is snapped to 0 and φ(ni)
is assigned to the most popular φ ∈ CΦ.
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7.3.1.2 Placement alignment

To effectively deal with placement regularities, ridges are detected from neighbor-

ing plane pairs. Similar to orientation alignment, the placement alignment algo-

rithm decouples the placement alignment into two independent sub-problems: align-

ing ridge heights towards ridge-height-equality and aligning ridge positions towards

ridge-position-equality. These placement regularities can be discovered by finding clus-

ters of ridge height set H = {h(ri,j)}; and clusters of ridge position set S(d) =

{p(ri,j)|d(ri,j) ∥ d}, regarding each ridge direction d. Cluster center sets are denoted

as CH and CS respectively, and used as regularity constraints henceforth. In the align-

ment stage, ridge height h(ri,j) and position p(ri,j) are both aligned to their cluster cen-

ters, resulting in modifications on plane position pi and pj . In order to avoid conflicts

between ridge height alignment and ridge position alignment, the former only affects the

z values of position vectors, while the latter makes modifications to the x and y coordi-

nates. Therefore, the only conflict source lies in planes that have multiple ridges, where

the ridges compete in modifying the plane’s position. In this case, only the longest ridge

is allowed to modify the position. The effects from other ridges are ignored.

7.3.1.3 Coarse-to-fine iteration

The planar roof patch extraction executes in a coarse-to-fine manner, as demonstrated

in Figure 7.5. In particular, the modeling system fits planes to the input points, makes

orientation alignment and placement alignment to the plane primitives, discards points

already associated with existing plane primitives, and then iterates through these steps

with three modifications until no more plane primitives can be found by planing fitting:

1. Plane-fitting criterion is loosened to accept smaller plane patches. In particular,

normal variance allowance α is increased and the minimum number of points
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Iteration 1 Iteration 3Iteration 2

Figure 7.5: Coarse-to-fine planar roof patch extraction

required to validate a plane primitive K is reduced. Empirically, α remains pi/12

while K is reduced by half in each iteration, from 200 to 25.

2. In plane-fitting, instead of randomly picking region-growing seed, the plane

detection algorithm starts from points with normals that are close to normal

n(θ, φ),∀(θ, φ) ∈ CΘ × CΦ. These points have great potential to grow into plane

primitives conforming to existing orientation regularity constraints.

3. In alignment steps, the new plane primitives first attempt to snap to existing con-

straint sets {CΘ, CΦ, CH, CS}. Clustering is performed only for primitives that can-

not align to the existing constraints given a distance threshold. New cluster centers

are combined with existing centers to form regularity constraints for the next iter-

ation.

These modifications are driven by two observations: first, large plane primitives are

more reliable in producing global regularity constraints, and thus the iterative algorithm

begins with large primitives and requires small primitive to be snapped to large primi-

tives if possible (modification 3); second, the regularity constraints detected from large

primitives can greatly improve the robustness of plane fitting for small patches (modifi-

cation 2).
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7.3.2 Boundary segment production

Given a set of plane primitives as shown in Figure 7.4 top right, initial boundary seg-

ments are created for each planar roof patch with help of roof-boundary regularities.

Segment height alignment and segment position alignment are performed based on

boundary-boundary regularities.

7.3.2.1 Boundary segment initialization

As discussed in Section 7.2.2, most boundary segments in 2.5D building models con-

form to the roof-boundary regularities, i.e., when projected on the x-y plane, boundary

segments are either orthogonal or parallel to the normals of their owner planes. On the

other hand, boundary segments represent the borders of roof patches, and thus bound

the patch content, i.e., points associated with the roof plane. Considering a planar roof

patch Pi and the set of points associated with it denoted as Vi; a boundary extraction

algorithm computes a rectangular bounding box Ri of point projections P(Vi) on the x-

y plane, with Ri’s orientation following oi = (cos(φ(ni)), sin(φ(ni)))
T . The segment

set Bi is initialized by back projecting Ri’s edges onto Pi.

Given that the plane normals are already aligned to a small set of orientation con-

straints CΦ, the x-y directions of boundary segments fall into a few 2D directions, which

can be regarded as building-scale principal directions (as discussed in Section 3.4.3).

In the special case where |CΦ| = 1, the boundary segments are in two orthogonal x-y

directions, forming rectilinear contours for building models [41].

7.3.2.2 Segment height alignment

The modeling system now applies segment height alignment to horizontal boundary

segments. Segment-height-equality is discovered and enforced by a clustering method

similar to previous alignment steps with two additional rules:
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1. Heights of boundary segments from the same plane patch cannot belong to the

same cluster, since snapping them together risks making the roof patch degener-

ate.

2. For each plane pair (Pi, Pj) that creates a ridge ri,j , the boundary segments oppo-

site to ri,j (e.g., b2 and b5 in Figure 7.3) are tested with a relaxed criteria, because

each ridge indicates a high probability of a reflection-symmetry.

A boundary segment is marked as “fixed” if its height is snapped to a cluster with more

than one element. The position of each fixed segment is determined accordingly by

substituting the modified height value into the plane equation. These positions act as

placement constraints Cp in the next step.

7.3.2.3 Segment position alignment

Segment position alignment is applied to the remaining boundary segments including

both non-horizontal segments and horizontal segments that are not marked as “fixed” in

the previous step. Positions of these segments first attempt to snap to elements in Cp,

and only join the position clustering procedure when the snapping attempt fails.

7.3.3 Model Generation

With planar roof patches and their boundary segments generated and aligned to the

global regularities, a 2.5D building model is reconstructed by combining roof patches

and vertical facades, as shown in Figure 7.4 bottom left. The facades are produced

from boundary segments connecting roof patches to the ground, while rectangular roof

patches are pruned by neighboring elements including both roof patches and facades.
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Metric This method
2.5D dual
contouring

Primitive-based
method [34]

Manual
creation

Triangle # 130 214 89 78
Avg. dis2 0.012 0.016 0.018 0.058

Outlier ratio 0.9‰ 10.0‰ 11.1‰ 17.3‰

Table 7.1: Quantitative results for the comparison in Figure 7.6

7.4 Experimental Results

This section first compares the modeling method proposed in this chapter with two

existing approaches (i.e., 2.5D dual contouring and a primitive-based method [34]).

Figure 7.2 shows a qualitative comparison between these methods. The modeling

result with global regularities has the most similar visual appearance to manual cre-

ation, because it conforms to the most global regularities that characterize the intrinsic

structure of building models. In contrast, 2.5D dual contouring only considers bound-

ary direction similarities by introducing the principal direction snapping algorithm,

while [34] detects primitives but does not deal with the relations between them. In

addition, quantitative comparison between the three methods are made using metrics

shown in Figure 7.6 and Table 7.1. While the modeling result with global regularities

shows comparable triangle number and average squared distance compared with pre-

vious approaches, it significantly reduces the outlier ratio (i.e., the ratio of points with

squared distances greater than 0.25m2), because the modeling method can robustly fits

small plane primitives through iterations with global regularities detected and updated

progressively.

The modeling method with global regularities is further tested on several LiDAR

scans of buildings in the city of Atlanta, as illustrated in Figure 7.7. The input contains

aerial LiDAR point cloud with 17 samples/m2 resolution (first column). Planar roof

patches and their boundary segments are detected and aligned with global regularities
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Figure 7.6: A comparison of geometric fitting errors (i.e., squared distances from input
points to the model surfaces) between models created by four different approaches

learnt from them (second column). 2.5D building models are reconstructed from these

primitives by pruning the roof patches (see examples in the last three rows) and creat-

ing vertical facades from boundary segments (third column). Given the aerial imagery

as reference (fourth column), the new results are more “realistic” than the 2.5D dual

contouring results (last column). Table 7.2 shows the statistics of the experiments in

Figure 7.7. Computation time is measured on a laptop with Intel i-7 CPU 1.60GHz and

6GB memory.
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Input point cloud
Plane primitives aligned 

to global regularities
Our modeling result Aerial imagery

2.5D dual contouring result 

for comparison

Figure 7.7: Experiments on several building scans. By discovering global regularities
and enforcing them on the planar roof patches and their boundary segments (second
column), the modeling algorithm creates visually convincing 2.5D building modelings
(third column). Aerial imagery and 2.5D dual contouring results are included as refer-
ence.
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Chapter 8

Modeling Residential Urban Areas

(a) Input aerial point cloud (c) Aerial imagery as a reference(b) Our modeling result

Figure 8.1: Given (a) a dense aerial LiDAR scan of a residential area (point intensities
represent heights), the residential urban modeling system reconstructs (b) 3D geometry
for buildings and trees respectively. (c) Aerial imagery is shown as a reference.

Two new challenges emerge when the urban modeling problem extends to residential

areas. First, as shown in Figure 8.1(a), vegetation is a major component of urban reality

in residential areas. An urban modeling method for residential areas should detect and

reconstruct both buildings and trees, e.g., as in Figure 8.1(b). The second challenge

lies in the classification method: dense LiDAR scans capture the detailed geometry of

tree crowns, which may have similar height and local geometry features as rooftops of

residential buildings. Figure 8.2 shows such an example where part of the tree crown

shows similar or even better planarity than part of the rooftop (see closeups illustrating

local points as spheres together with the optimal plane fitted to them). Classification

algorithms based on local geometry features may fail and produce significant modeling

errors. E.g., Figure 8.2 right.
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A

B

Figure 8.2: Local geometry features become unreliable when dealing with residential
areas with rich vegetation. In closeups of (A) a tree crown region and (B) a rooftop,
points are rendered as spheres while a locally fitted plane is rendered in yellow. Middle:
classification results from the general urban modeling system in Chapter 3, trees in
green, buildings in purple, and ground in dark grey. Right: modeling artifacts are created
because of classification errors.

To address these two challenges, this chapter presents a robust classification method

to classify input points into trees, buildings, and ground. Building models and trees are

created from these points using 2.5D dual contouring and a novel leaf-based tree model-

ing approach, respectively. The heart of the classification method is a simple, intuitive,

but extremely effective measurement. In particular, I observe that residential buildings

usually show a strong 2.5D characteristic, i.e., they are composed of skywards roofs

and vertical walls; both are opaque and thus prevent the laser beams from penetrating

the building structure. Therefore, there is no point sample inside the building structure.

The rooftops (or ground) become the lowest visible surface at a certain x-y position, as

illustrated in Figure 8.3 left. In contrast, trees, composed of branches and leaves, do not

have this 2.5D structure. With multiple passes of scanning from different angles, the

point cloud captures not only the top surface of the tree crown, but also surfaces inside

and underneath the crown, as shown in Figure 8.3 right.

In this chapter, Section 8.1 reviews tree detection and tree modeling approaches

respectively. Section 8.2 proposes an effective algorithm to classify trees, building roofs,

and ground. In Section 8.3, a hybrid model containing both 2.5D building models and
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Point samples
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Figure 8.3: While building structures have a 2.5D characteristic, trees do not possess
such property. Dense laser scans may capture surface points under the tree crown (right).

leaf-based tree models is generated in an automatic and robust manner. Experimental

results are shown in Section 8.4.

8.1 Related Work

8.1.1 Tree Detection in LiDAR

In urban modeling systems, trees are often recognized as outliers and thus are classified

and removed in the first step. Most of the classification algorithms rely on point-wise

features including height [34, 39, 52, 58] and its variation [5, 39, 52], intensity [39, 52],

and local geometry information such as planarity [34, 60], scatter [34, 58], and other

local geometry features. Heuristics or machine learning algorithms are introduced as

classifiers based on the defined feature set. To further identify individual building roof

patches, segmentation is either introduced in a post-classification step, or combined with

classification in the form of energy minimization such as [34].

Nevertheless, the method proposed in this chapter is the first to introduce the 2.5D

characteristic of building structures into the classification problem. A simple, efficient
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and effective classification algorithm is presented, which gains great accuracy in resi-

dential areas with rich vegetation.

8.1.2 Tree Modeling

Tree modeling is a missing part in most of the aerial LiDAR based urban modeling

approaches. To the best of my knowledge, Lafarge and Mallet [34] is the only research

work which addresses the tree modeling problem by matching simple ellipsoidal tem-

plate to tree clusters. This method, however, is problematic when dealing with compli-

cated tree structures in residential areas, e.g., Figure 8.1(a).

Computer graphics and remote sensing communities have made great efforts in mod-

eling trees from ground LiDAR and imagery, such as [9, 38, 44, 55, 56, 63]. A general

tree model is broadly adopted in these literatures, composed of skeletal branches and

leaves attached to them. Inspired by these efforts, this chapter proposes leaf-based tree

modeling from aerial LiDAR scans.

8.2 Point Cloud Classification

Given an aerial LiDAR point cloud of a residential area as input, the objective of clas-

sification is to classify points into three categories: trees, buildings, and ground. As

mentioned previously and illustrated in Figure 8.3, the 2.5D characteristic is the key dif-

ference between trees and buildings (or ground). In order to formulate this concept, the

point cloud is first embedded into a uniform 2D grid G. In each grid cell c, the point set

P (c) is segmented into multiple layer fragments L(c), using local distance-based region

growing. Ideally, a layer fragment lbuilding ∈ L(c) lying on a 2.5D object (rooftop or

ground) must have the lowest height among all layer fragments in L(c), because the
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rooftop (or ground) is always the lowest visible surface to laser beams at a certain x-

y position, as analyzed previously. On the other hand, a tree layer fragment ltree can

exhibit any height. However, as there is usually a ground or rooftop surface underneath

tree samples, ltree is not expected to be the lowest layer fragment in L(c). From an

energy minimization perspective, these features can be described by a data energy term

Ed(xl) for each l ∈ L(c) as:

Ed(xl) =


α if xl = building or ground, and l is not the lowest in L(c)

β if xl = tree, and l is the lowest layer fragment in L(c)

0 otherwise

(8.1)

where xl is the label of layer fragment l.

To further discriminate building and ground in the energy minimization framework,

elevation of layer fragment e(l) is introduced and defined as the height difference

between l and the ground elevation at c’s center [34, 58]1. Another data energy term

Eg(xl) is defined accordingly:

Eg(xl) =


γ ·max(1− e(l)

σ
, 0) if xl =building

γ ·min( e(l)
σ
, 1) if xl =ground

0 if xl =tree

(8.2)

where σ is the normalization factor. Empirically, σ = 6m, as suggested in [34].

1The ground elevation map can be easily estimated by assigning a 20m-by-20m coarse grid, estimating
ground height with the lowest point in each cell, and applying linear interpolation across the entire coarse
grid.
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With a smooth energy Es(xl1 , xl2) defined over all neighboring layer fragment pairs

(i.e., layer fragments belonging to neighboring cells and satisfying certain distance cri-

teria), a Markov Random Field can be built, which leads to an energy minimization

problem over the labeling x of the entire layer fragment set L:

E(x) =
∑
l∈L

(Ed(xl) + Eg(xl)) + λ
∑

(l1,l2)∈N

Es(xl1 , xl2) (8.3)

where N is the set of neighboring layer fragment pairs, and smooth energy Es(xl1 , xl2)

is defined as characteristic function 1xl1
̸=xl2

.

With the energy minimization problem being solved using the well-known graph-cut

method [3], point labels are determined as the label of the corresponding layer fragment.

To further construct roof patches from building points, a region growing algorithm is

applied based on certain distance criteria. While large building patches are adopted as

rooftops, small patches are considered as outliers and removed henceforth.

Figure 8.4 demonstrates the entire process of point cloud classification. Input points

are first discretized into layer fragments. For illustration purpose, Figure 8.4(b) shows

only the lowest layer fragment in each cell. They faithfully capture the skyward surfaces

of 2.5D structures. By solving an energy minimization problem, building and ground

layer fragments are detected and shown in Figure 8.4(c). Because of the smooth energy

term, eaves are segmented as part of the building roof, and small clusters of tree layer

fragments with low heights are correctly detected, as illustrated in the closeups respec-

tively. Finally, the classification result is applied to the point cloud and a region growing

algorithm successfully groups roof patches from building points, i.e., Figure 8.4(d).
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Layer fragments representation

(a) Input points (b) Lowest layer fragments in cells

(c) Building and ground layer fragments

(tree layer fragments not shown for clarity)
(d) Points with classification results

Figure 8.4: A demonstration of the classification algorithm: (b) the lowest layer frag-
ments faithfully capture the skyward surfaces of 2.5D structures; (c) building and ground
layer fragments are rendered in purple and grey respectively; (d) trees and outliers are
in black while building roof patches are rendered in bright colors.

8.3 Modeling of Urban Elements

Based on the successful classification of input points, different modeling approaches are

introduced for trees, buildings, and ground respectively.

8.3.1 Tree Modeling

Modern tree modeling approaches adopt a general tree structure composed of skele-

tal branches and leaves attached to them. Tree reconstruction usually begins with a
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branch generation algorithm followed by a leaf modeling approach. However, unlike

ground-based laser scans and imagery, aerial LiDAR date captures very few samples

on branches, making branch generation a difficult task. Therefore, I choose to directly

model tree leaves by fitting surface shapes around tree points having sufficient neigh-

bors.

In particular, for each tree point p with sufficient neighbors, Principal Component

Analysis is applied to its neighboring point set N(p) to fit an ellipsoid. Eigenvectors

v0,v1,v2 and eigenvalues λ0, λ1, λ2 of the covariance matrix represent the axes direc-

tions and lengths of the ellipsoid respectively. The inscribed octahedron of the ellipsoid

is then adopted to represent the local leaf shape around p. Specifically, an octahedron is

created with six vertices located at {vp ± sλ0v0,vp ± sλ1v1,vp ± sλ2v2}, where vp is

the location of p and s is a user-given size parameter.

A uniform sampling over the tree point set Ptree can be applied to further reduce the

scale of the reconstructed models.

8.3.2 Building Modeling

2.5D dual contouring detailed in Chapter 5 is adopted to create building models from

rooftop patches through three steps: (1) sampling 2.5D Hermite data over a uniform 2D

grid, (2) estimating a hyper-point in each grid cell, and (3) generating polygons.

The only challenge in applying 2.5D dual contouring to residential area data lies in

rooftop holes caused by occlusion. To solve this problem, a hole-filling step is added

right after 2.5D Hermite data is sampled from input points. In particular, the hole-filling

step scans the entire 2D grid to detect rooftop holes, and solves a Laplace’s equation

▽2z = 0 to fill these holes, where z represents the heights of surface Hermite samples
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at grid corners2. Existing surface Hermite samples serve as the boundary condition of

the Laplace’s equation.

8.3.3 Ground Modeling

Ground models can be easily created by rasterizing ground points into a DSM (digital

surface model). Holes are filled via linear interpolation.

8.4 Experimental Results

The residential urban modeling system is tested on various data sets. For each data set,

the following parameter configuration is adopted with respect to the data resolution. The

neighborhood radius r is set to 3√
d

given d as the point density in m−2, to ensure suffi-

cient samples in a point’s neighborhood. Octahedron size s is chosen by the user in the

interval [1
r
, 3
r
]. Energy function parameters, i.e., {α, β, γ, λ} are set to {1.0, 2.0, 0.5, 4.0}

empirically. This parameter configuration works well for all the data sets that have been

tested.

Figure 8.6 shows the urban reconstruction results for a 520m-by-460m residential

area in the city of Atlanta. The input contains 5.5M aerial LiDAR points with 22.9/m2

resolution. The modeling system reconstructs 56K triangles for building models, and

53K octahedrons as tree leaves, in less than two minutes on a consumer-level laptop.

As illustrated in the closeups of Figure 8.6, the classification algorithm successfully

classifies points into trees, ground, and individual building patches (second column).

A hybrid urban model is generated by combining 2.5D polygonal building models and

2Surface Hermite data is sampled per grid corner, by intersecting a vertical line and the rooftop surface.
See Section 5.3.1 for details.

124



Atlanta area #2 Denver area

Figure 8.5: The residential urban modeling system is tested against multiple data sets
from different sources. The system robustly reconstructs urban reality despite the varia-
tion in data resolution, building patterns, and tree types.

leaf-based tree models (third column). Aerial imagery is given in the last column as a

reference.

The residential urban modeling system is then tested on another two data sets, with

data resolution ranging from 6/m2 to 19/m2. Visually appealing urban models are recon-

structed respectively, despite the variation in point density, building model patterns, and

tree types, as shown in Figure 8.5. To quantitatively evaluate the modeling results, the

false positives (unexpected results) and false negatives (missing results) of buildings are

counted by comparing modeling results with aerial imagery as a trusted external judge-

ment. In all three experiments, no false negative is found, i.e., all building structures

are successfully detected and reconstructed by the modeling system. In addition, false

Data set Point # Resolution
Building

#
Building

Tri. #
Building
error rate

Octahedron
#

Atlanta #1 5.5M 22.9/m2 418 55,568 1.1% 52,924
Atlanta #2 4.0M 18.8/m2 323 61,492 0.7% 29,151

Denver 1.0M 6.3/m2 290 42,942 0.6% 17,054

Table 8.1: Statistics of the experiments on three different data sets
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Data set Classification
Normal

estimation
Building
modeling

Tree
modeling

Total time

Atlanta #1 9s 45s 54s <1s 109s
Atlanta #2 6s 29s 32s <1s 68s

Denver 3s 8s 11s <1s 23s

Table 8.2: Execution time of each step in the modeling system

positives exist in the form of small building-like trees and incorrectly classified ground

components. The error rate is then calculated as the ratio of the number of triangles in

false positives to the total number of triangles in all building models. Table 8.1 con-

tains statistics of the three experiments, in which error rates are generally low. Table 8.2

shows the computation time, measured on a laptop with Intel i-7 CPU 1.60GHz and

6GB memory.
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(b)

(b)

(a)

(a)

(c)

(c)

Input point cloud Classification results Urban reconstruction Aerial Imagery

Atlanta area #1

Figure 8.6: Urban models reconstructed from 5.5M aerial LiDAR points for a residential
area in the city of Atlanta
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Chapter 9

Conclusion and Future Work

9.1 Conclusion

This research studies the complicated problem of reconstructing 3D urban models from

aerial LiDAR point clouds. An automatic urban modeling system is proposed in Chap-

ter 3, which divides this problem into four sub-problems, namely, classification, seg-

mentation, building modeling, and terrain modeling. Automatic algorithms are given to

solve these problems individually. Two extensions based on prior knowledge are intro-

duced to enhance the system, including a principal direction snapping mechanism and a

non-planar shape modeling module.

In order to give the urban modeling system the ability to seamlessly handle huge

data sets with billions of LiDAR points, Chapter 4 proposes a streaming framework

which utilizes an out-of-core processing architecture. By decomposing each pipeline

module into streaming operators and streaming states, the general urban modeling sys-

tem is adapted into the streaming framework. Experiments are done on a few large-scale

data sets, which no previous approach is able to process with such a small amount of

resource.

From Chapter 5 to Chapter 8, I study the 2.5D nature of building structures. Theories

and algorithms are proposed based on the 2.5D characteristic of building models.

In Chapter 5, a 2.5D geometry representation is given for polygonal building models.

A robust data-driven method is proposed to automatically create building models from

aerial LiDAR point clouds. The reconstruction results are 2.5D models composed of

128



complex building roofs connected by vertical walls. By extending dual contouring into

a 2.5D method, the 2.5D dual contouring algorithm optimizes the surface geometry and

the boundaries of roof layers simultaneously. Sharp features are detected and faithfully

preserved during triangulation.

Chapter 6 defines 2.5D building topology as a combination of topological features

and the associations between them. Convenient tools are given to change model geom-

etry without modifying the topology. In addition, 2.5D dual contouring is extended

with topology control strategies, to achieve a more flexible adaptive structure for sim-

plification. The outputs have the same representability as models created by 2.5D dual

contouring, but contain fewer vertices and triangles.

Chapter 7, defines global regularities in 2.5D building models to characterize the

intrinsic structure of building models. A primitive-based algorithm is proposed to dis-

cover and enforce global regularities through a series of alignment steps. This building

modeling method automatically integrates global regularities and local geometry, and

thus creates 2.5D building models with high quality in terms of both geometry and

visual judgement.

Finally in Chapter 8, the urban modeling problem is extended from downtown areas

to residential urban areas with rich vegetation. I observe the key difference between

buildings and trees in terms of the 2.5D characteristic: while buildings are composed

of opaque skyward rooftops and vertical walls, trees allow point samples underneath

the crown. This feature enables a powerful classification algorithm based on an energy

minimization scheme. By combing classification, building modeling and tree model-

ing together, the residential urban modeling system automatically reconstructs a hybrid

model composed of buildings and trees from the aerial LiDAR scan. The experiments

demonstrate the effectiveness and efficiency of this system.
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9.2 Future Work

Possible future work lies within three directions.

Modeling from dense LiDAR data

With the fast advance of acquisition techniques, extremely dense LiDAR point

clouds become available. E.g., a scan for the city of Vancouver in the year 2011 has

approximately 70 samples/m2 resolution, comparing with 6 ∼ 17 samples/m2 resolution

in the experiments shown in this thesis. These extremely dense data sets bring two new

challenges. First, besides typical urban features (buildings, trees, and ground), small

urban features such as vehicles, poles, and signal lights are also accessible in the dense

LiDAR data sets. It is a desire to reconstruct these features towards a better urban real-

ity. Second, detailed geometry of building facades are partially captured by the dense

LiDAR scans. Building modeling method can benefit from this additional information.

Building modeling with both rooftops and facades

This thesis adopts the 2.5D characteristic of building structures, and describes the

building facades as plain walls orthogonal to the x-y plane. However, in some applica-

tion, building models are required to have both rooftops and detailed facade structures.

While this thesis focuses on the building roof reconstruction, many research efforts have

attempted to model building facades from imagery (e.g., [42]) or ground based LiDAR

(e.g. [43, 67]). Future research may seek a conjunction between roof modeling and

facade modeling. The hybrid approach should connect these two types of building struc-

tures while maintaining the consistency at roof boundaries. In addition, the 2.5D nature

of building models may serve as a supporting structure for facade modeling approaches.

The global regularities in 2.5D building models can be further extended to handle the

facade structures.
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Integrating aerial LiDAR with other data sources

Aerial LiDAR data has great advantages in the urban reconstruction problem, as

demonstrated in this thesis. However, its limitation is also noticed: as point samples are

collected from nadir perspective, aerial LiDAR data hardly captures surfaces beneath

opaque objects (e.g., bridges, highways, and vehicles). Future research may alleviate

this problem by introducing other data sources to the urban modeling system, including

aerial imagery, ground based LiDAR, and panorama images (street view).
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